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1. Introduction





















where π/sin(π/p) is the best value (see Hardy et al. [1]).



























where π is the best value (cf., [1, Chapter 9]).
In recent years, Gao [2], Yang [3–5], Yang and Debnath [6], Kuang [7], and Kuang
and Debnath [8] gave some distinct improvements and generalizations of (1.1)-(1.2).
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where π/sin(π/p) is the best possible.
In this paper, we have two major objectives. One is motivated by [10], to give a gener-
alization of (1.3) by introducing two real functions φ(x) and ψ(x). The other is to build
a class of new inequalities similar to Hardy-Hilbert inequality (1.2) by introducing some
parameters a, b, and c.
2. Some lemmas



















where p > 1, 1/p+1/q = 1.











provided the generalized integral exists. Then
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Since arctanx is strictly increasing, then
ω(a,b,x)= π− 2arctan
√
ln(x+ c)/ ln(b+ c) +
√
ln(a+ c)/ ln(x+ c)
1−√ln(a+ c)/ ln(b+ c)
≤ π− 2arctan 2
4
√
ln(a+ c)/ ln(b+ c)







Relation (2.3) is valid. By (2.3) as a→0, we have
ω(0,b,x)= lim
a→0





Relation (2.4) is valid. Similarly, (2.5) is also valid. The lemma is proved. 
Lemma 2.2. Let 0 < α < 1, 0 ≤ c < 1, g(s) ∈ C1[c,1], g(s) > 0, g′(s) > 0 for all s ∈ [c,1],
and F(x)= ∫ xc (s−α/g(s))ds for all x ∈ [c,1]. Then
F(x)≥ x
1−α− c1−α
1− c1−α F(1). (2.9)















LetG(y)= (1/1−α)∫ yc1−α(1/g(τ11−α))dτ. SinceG′(y) > 0,G′′(x)≤ 0 in [c1−α,1], andG(y)





























1− c1−α F(1). (2.12)













where r > 1, 1− c ≤ a≤ x ≤ b.
If g(s)= 1+ s and α= 1/r in Lemma 2.2, we get the following.
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where Φ(r)= ∫ 10 (u−1/r /1+u)du.





































, α+β = 1. (2.17)































































































Then (2.14) is valid.
In the same way, (2.15) can be obtained. This completes the proof. 
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Lemma 2.4. Let p > 1, 1/p + 1/q = 1, φ(x) and ψ(x) are continuously diﬀerentiable func-
tions on (a,b), φ(a)≥ 1, φ′(x) > 0, ψ(a)≥ 1, ψ′(x) > 0, inf xφ′(x) =0, and inf xψ′(x) =0,






























where Φ is as in Lemma 2.3.

























































































The lemma is proved. 
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3. Main results
Now, we introduce main results.
Theorem 3.1. Let −c ≤ a < b < +∞, f , g are integrable nonnegative functions on [a,b]
such that 0 <
∫ b
a (x+ c) f

























































































































Then relation (3.1) is valid. Theorem 3.1 is proved. 
In a similar way to the proof of Theorem 3.1, we can prove the following theorem.
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Theorem 3.2. Let 1− c ≤ a < b < +∞, f is an integrable nonnegative function on [a,b],
such that 0 <
∫ b


















(x+ c) f 2(x)dx.
(3.3)



























Theorem 3.4. Let p > 1, 1/p+1/q = 1, f , g are integrable nonnegative functions on [a,b],
such that 0 <
∫ b
a φ





























































where the φ(x) and ψ(y) are as in Lemma 2.4 (φ1 = (lnψ(a)/ lnψ(b))1/pq(pΦ(p))1/p×
(qΦ(q))1/q, φ2 = (lnφ(a)/ lnφ(b))1/pq(pΦ(p))1/p(qΦ(q))1/q).

































































































































Hence (3.5) is valid.
Let g(y)= (1/ψ(y))(∫ ba ( f (x)/ lnφ(x)ψ(y))dx)
p−1









































































p−1(x) f p(x)dx, it follows that 0 <
∫ b
a ψ(y)
q−1gq(y)dy <∞. Still by (3.5), we
have (3.6). The theorem is proved. 
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where Φ is as in Lemma 2.3.
By Theorem 3.4, we have the following corollary.
Corollary 3.6. Let 1− c ≤ a < b < +∞, p > 1, 1/p+1/q = 1, f , g are integrable nonnega-
tive functions on [a,b], such that 0<
∫ b
a (x+ c)




































where Φ is as in Lemma 2.3.
In what follows, we give the associated discrete inequalities. The proofs should be
omitted.
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where φ(x) and ψ(y) are as in Lemma 2.4, and Φ is as in Lemma 2.3.




























where φ(x) and ψ(y) are as in Lemma 2.4.
Remark 3.9. When φ(x) = x and ψ(y) = y, then inequalities (3.10), (3.11), (3.13), and
(3.14) change to (2.4), (2.10), (3.3), and (3.4) in [10], respectively, hence inequalities
(3.10), (3.11), (3.13), and (3.14) are generalizations of related results in [10].
4. Some corollaries
By Theorems 3.4, 3.7, and 3.8, some inequalities can also be obtained.
For example, we take φ(x) and ψ(y) as
φ(x)= ex, ψ(y)= ey , (4.1)
then by Theorems 3.4, 3.7, and 3.8, we get the following corollaries.
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Corollary 4.2. Let p > 1, 1/p + 1/q = 1, f , g are integrable nonnegative functions on
[a,b], such that 0 <
∫∞
0 e

































We take φ(x) and ψ(y) as
φ(x)= x2, ψ(y)= ey. (4.4)
Then we have the following corollary.







































Corollary 4.4. Let p > 1, 1/p + 1/q = 1, f , g are integrable nonnegative functions on
[a,b], such that 0 <
∫∞
1 x

































Remark 4.5. Inequalities (4.2)–(4.6) are also new results.
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